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Abstract

Training large-scale machine learning models requires solving high-dimensional, non-convex op-
timization problems with millions to billions of parameters. First-order stochastic methods, par-
ticularly adaptive gradient algorithms such as Adam and its variants, have become the de facto
standard due to their computational efficiency and empirical success. However, the theoretical un-
derpinnings of these methods remain incomplete: convergence guarantees often rely on assump-
tions violated in practice, and the gap between theory and empirical behavior is substantial.

This thesis develops a unified framework for analyzing and designing adaptive stochastic op-
timization algorithms. We introduce the normalized preconditioned gradient framework, which sub-
sumes Adam, RMSProp, AMSGrad, and several recent proposals, and provides sufficient condi-
tions for almost-sure convergence in non-convex settings. Building on this analysis, we propose
Napam (Normalized Adaptive Descent with Momentum), a new algorithm that blends Nesterov-
style acceleration with adaptive preconditioning, achieving strictly tighter regret bounds than Adam
while matching its wall-clock performance.

We validate the theoretical contributions through extensive experiments on image classifica-
tion (ImageNet-1K), language modeling (C4 corpus), and reinforcement learning (Procgen bench-
mark). Across all tasks, Napam matches or exceeds the test-set performance of Adam while reduc-
ing wall-clock training time by 12-18%. We further demonstrate that our convergence analysis
correctly predicts the failure modes of several popular heuristics, including gradient clipping with
large batch sizes and decoupled weight decay schedules.

The results establish a principled basis for adaptive optimization in deep learning and point
toward a new class of algorithms that enjoy both the theoretical guarantees of SGD and the practical
speed of adaptive methods.
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Chapter 1

Introduction

1.1 The Optimization Challenge in Modern Machine Learn-

ing

The remarkable progress of machine learning over the past decade — from image recognition [11]
and natural language understanding [12] to protein structure prediction [13] — rests on a decep-
tively simple foundation: we train models by minimizing a loss function. Yet the loss landscapes
encountered in practice are anything but simple. They are non-convex, high-dimensional, and rid-
dled with saddle points, flat regions, and sharp minima that generalize in profoundly different
ways.

Consider a typical deep neural network with d parameters, trained on n samples by minimizing
an empirical risk:

1 n
LO)=- 21 Uf(xi:0), yi), (11)

where 0 € R, d can range from 10° to 10", and ¢ is a non-convex loss such as cross-entropy.
Computing the full gradient V.£(0) at each iteration is computationally prohibitive, so we resort
to stochastic estimates computed from a minibatch B; of size b < n:

§i= 5 > V00, ). (12)

Z'GBf

The canonical stochastic gradient descent (SGD) update [1] is then 611 = 6; — 1;g:, where 1;
is a learning rate. SGD is theoretically well-understood and converges to a stationary point under
mild conditions. In practice, however, raw SGD converges slowly on problems with ill-conditioned
curvature — precisely the regime occupied by deep networks [10].
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1.2 The Rise of Adaptive Methods

To address the conditioning problem, a family of adaptive methods has emerged. These algorithms
maintain per-parameter learning rates that scale inversely with some measure of historical gradient
magnitude. The most influential of these, Adam [6], maintains exponential moving averages of

both the gradient (m;) and the element-wise squared gradient (v;):

my = Bimi_q1 + (1- ﬁl)gt, (1.3)

v = Povp1 + (1 - 52)8,52/ (1.4)

Ot11 =0 — 1 Amt ’ (1.5)
0 + &

where 171; and 9; are bias-corrected estimates, and ¢ > 0 prevents division by zero.

Adam combines the benefits of momentum (via m; ) and adaptive step sizes (viav;). Itis robust
to hyperparameter choices, efficient to implement, and consistently outperforms SGD on a wide
range of benchmarks. As of 2026, Adam and its weight-decoupled variant AdamW [8] are the

default optimizers in virtually every deep learning framework.

1.3 The Theory-Practice Gap

Despite its empirical dominance, Adam’s theoretical foundations are more fragile than commonly
appreciated. The original convergence proof [6] contained an error that was subsequently cor-
rected [7], revealing that Adam can diverge even on simple one-dimensional convex problems
when the effective learning rate 1;/v9; does not decay monotonically. The fix, AMSGrad [7], en-
forces non-increasing step sizes but sacrifices some of Adam'’s practical performance.

More broadly, the conditions required for existing convergence proofs — bounded gradients,
convexity, diminishing learning rates — are routinely violated in the settings where Adam is actu-
ally deployed. This gap between theory and practice is not merely an academic concern: it leaves
practitioners without principled guidance on critical decisions such as learning rate scheduling,

batch size scaling, and when to prefer adaptive methods over SGD.

1.4 Contributions of This Thesis

This thesis makes four principal contributions toward closing the theory—practice gap in adaptive
stochastic optimization:

1. A unified convergence framework. We introduce the normalized preconditioned gradient (NPG)

abstraction, which encompasses Adam, RMSProp, AMSGrad, AdaGrad, and several recent

proposals as special cases. We prove almost-sure convergence to stationary points under as-
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sumptions that are both weaker and more realistic than those in prior work — notably, we
require only Lipschitz smoothness of the loss and bounded variance of the stochastic gradient
oracle, without assuming convexity or uniformly bounded gradients.

2. A new algorithm with tighter guarantees. Building on the NPG framework, we propose
Napam (Normalized Adaptive Descent with Momentum), which combines Nesterov-style
lookahead acceleration with adaptive preconditioning. We prove an O(1/VT) convergence
rate for non-convex objectives, strictly tighter than the best known bound for Adam, while
retaining Adam’s wall-clock efficiency.

3. Empirical validation at scale. We conduct systematic experiments on three representative
benchmarks — ImageNet-1K image classification, C4 language modeling, and Procgen rein-
forcement learning — comparing Nabam against Adam, AdamW, AMSGrad, SGD with mo-
mentum, and LAMB. Nabam matches or exceeds the best competitor on every metric while
reducing training time by 12-18%.

4. Practical insights for practitioners. Our analysis correctly predicts the failure modes of sev-
eral widespread heuristics, including gradient clipping with large batch sizes and decoupled

weight decay schedules. We provide actionable recommendations grounded in theory.

1.5 Organization of the Thesis

The remainder of this thesis is structured as follows. Chapter 2 surveys the landscape of stochastic
optimization, from classical SGD through modern adaptive methods, and establishes the notation
and assumptions used throughout. Chapter 3 develops the normalized preconditioned gradient
framework, proves the main convergence results, and introduces the Napawm algorithm. Chapter 4
presents extensive experimental validation. Chapter 5 concludes with a summary of findings and

directions for future work.
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Figure 1.1: The core training loop studied in this thesis. A model parameterized by 0 produces
predictions; the loss compares these to ground truth; stochastic gradients computed from a mini-
batch drive parameter updates. The feedback loop repeats for T iterations.




Chapter 2

Background and Related Work

2.1 Preliminaries and Notation

We consider the unconstrained minimization problem
min £(0) = Bz [£(6;€)], (2.1)
Oer4

where D is an unknown data distribution and ¢(-; £) is a differentiable, possibly non-convex loss
function. At each iteration t, the optimizer receives a stochastic gradient g; = V{(6;; &) where
& ~ D is ani.i.d. sample.
We make the following standing assumptions:
Assumption 1 (Smoothness).
L is L-smooth: ||V.L(O) = VL(O)|| < L||6 — 0'|| forall 0,0" € R,
Assumption 2 (Unbiased gradients).
E[gt | 6¢] = VL(O}).
Assumption 3 (Bounded variance).
E[l|gt — VL(O)||? | 6¢] < 02 for some g2 < oo.
Assumption 4 (Lower bounded).
L(0) > L. > —ooforall 6.
These assumptions are standard in the non-convex optimization literature [9] and are signifi-
cantly weaker than the convexity and bounded-gradient assumptions commonly invoked in prior
analyses of adaptive methods.
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2.2 Classical Stochastic Gradient Descent

The SGD update with learning rate n; > 0 is:

Or+1 = Or — 1t &t (2.2)

Robbins and Monro [1] established the first convergence proof for SGD, showing that 6; con-
verges to a root of the regression function almost surely when the learning rate satisfies the Robbins—
Monro conditions Y, 7y = o and };n? < co. In the non-convex setting, Ghadimi and Lan [9]
proved that SGD with fixed step size finds an ¢-stationary point (i.e., |[VL(0)||? < ¢) in O(1/&?)

iterations.

2.2.1 Momentum and Acceleration

A classical extension is Polyak’s heavy-ball momentum [2]:

my = fme-1 + g, (2.3)
Ore1 = O — e my, (2.4)

where $ € [0, 1) controls the momentum decay. Momentum accelerates convergence along direc-
tions of persistent gradient and dampens oscillations in high-curvature directions.

Nesterov’s accelerated gradient [3] improves on heavy-ball momentum by evaluating the gra-
dient at an extrapolated point:

Ors1 = 0y — 1y (0 + (O — 0;-1)). (2.5)

This “lookahead” yields an optimal O(1/t?) convergence rate for convex problems, versus O(1/t)
for gradient descent.

2.3 Adaptive Gradient Methods

The key limitation of SGD is its use of a single, isotropic learning rate for all parameters. When the
Hessian is ill-conditioned — with eigenvalues spanning many orders of magnitude, as is typical
in deep networks — a learning rate small enough to stabilize the steepest directions slows conver-

gence to a crawl in flat directions.



2.3. ADAPTIVE GRADIENT METHODS

2.3.1 AdaGrad

Duchi et al. [4] introduced AdaGrad, which maintains a per-parameter learning rate that scales
inversely with the ¢, norm of all historical gradients:

gt

6t+1 = Qt -1 (26)

where G; = Y!_, g2 (element-wise). AdaGrad adapts rapidly to sparse features but suffers from

monotonic learning rate decay, causing premature stagnation on non-sparse problems.

2.3.2 RMSProp and Adam

RMSProp [5] replaces the cumulative sum with an exponential moving average, preventing the

learning rate from decaying to zero:
vt = Pavi-1 + (1= B2)g7 - (27)

Adam [6] further adds a momentum term (Equations 1.3-1.5), creating an algorithm that
adapts step sizes and accumulates gradient direction. Adam’s default hyperparameters (1 = 0.9,
B2 = 0.999, ¢ = 10~%) have proven remarkably robust across architectures and problem domains.

2.3.3 Known Issues and Variants

Reddi et al. [7] identified a flaw in Adam’s original convergence proof and demonstrated a simple
convex counterexample on which Adam diverges. Their proposed fix, AMSGrad, replaces the

moving average with a running maximum:
f)t = max(f)t_l, 'Ut). (28)

While theoretically sound, AMSGrad often underperforms Adam in practice.
Loshchilov and Hutter [8] observed that ¢, regularization interacts poorly with adaptive step
sizes and proposed decoupled weight decay (AdamW), which applies weight decay directly to the

parameters:

1
Ors1 = O — 1t (\/v_t; - +/\9t). (2.9)

AdamW is now the standard implementation across frameworks.

Table 2.1 summarizes the key algorithms in the adaptive optimization family. Note that all
methods share a common structure — gradient preprocessing followed by a (possibly coordinate-
wise) scaled descent step — which motivates the unified analysis developed in Chapter 3.
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Table 2.1: Summary of adaptive optimization algorithms. g; is the stochastic gradient; m; and v;
are first- and second-moment estimates; 7; is the learning rate.

Algorithm Key Update Reference
SGD Or1 = 0r — 11 Q1 (1]
AdaGrad Ot+1 =0 =G /VGe + ¢ [4]
RMSProp vy = Bovs—1 + (1 - ,Bz)gf [5]
Adam Ot41 =01 — 14 1/ (Noy + €) (6]
AMSGrad  9; = max(9¢-1, v;) [7]
AdamW Decoupled weight decay (8]

Nadam Nesterov + NPG framework This work




Chapter 3

The Normalized Preconditioned
Gradient Framework

3.1 Motivation and Intuition

The adaptive methods surveyed in Chapter 2 differ in their precise update rules, yet they all share
a common template: given a stochastic gradient g;, compute a preconditioner matrix P; > 0 (or its

diagonal approximation), and update
6t+1 = Qt — Nt Pt_lgt. (31)

For SGD, P; = I; for AdaGrad, P; = diag(\/G_t); for Adam, P; = diag(\/th).

The difficulty in analyzing adaptive methods stems from the fact that P; depends on the entire
history of gradients, introducing complex statistical dependencies between the preconditioner and
the current gradient. Our key insight is that these dependencies can be bounded through a care-
tul normalization argument that decouples the magnitude of the update from the geometry of the

preconditioner.

3.2 The NPG Abstraction

We define the Normalized Preconditioned Gradient (NPG) algorithm as any iterative optimizer

that can be expressed in the form:

Ors1 = O — Nt Pt_l/z ‘I’t(gl, cee ,gt) , (3-2)

where P; = ®(g1, ..., gt) > 01is a preconditioner built from the gradient history, and W is a (pos-

sibly momentum-enhanced) direction function bounded in norm by O(|| g¢||).
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[ Receive g; € R4 }(— -t b+ 1

’

[Compute preconditioner Py = D(g,... ,gt)}

’

[ Normalize: g = Pt_l/th } !

’

[Accumulate momentum: m; = ﬁlmt—l + gt}

¢

[ Update: O =0r —1; P_l/ } ------

Figure 3.1: The Normalized Preconditioned Gradient (NPG) framework. The preconditioner @ is

an arbitrary positive-definite mapping of the gradient history. Normalization by P, 1/2 decouples
update magnitude from preconditioner geometry, enabling a unified convergence analysis.

Table 3.1: Convergence rate comparison for non-convex objectives with L-smoothness. A = £(01)-
L.; d is the dimension.

Algorithm Rate Source

SGD 0(% + —) [9]

Adam (corrected) O (% %) [7]

Nadam (ours) (%) Theorem 3.3

Figure 3.1 illustrates the computational graph. Crucially, NPG separates the geometry adaptation
(Py) from the step direction (W;), allowing each component to be analyzed independently.

3.3 Convergence Analysis

We now state the main theoretical result of this thesis. The proof is deferred to Appendix A for

brevity; we sketch the key steps here.

Theorem 1 (NPG Convergence).
Under Assumptions 1-4, let {Gf}tT:1 be generated by the NPG algorithm (Equation 3.2) with W} sat-
isfying B[||W|2] < C1 + Col|[VL(O,)|? for constants C1, Co > 0, and with learning rate n; = n/NT
for n > 0 sufficiently small. Then

T
LY slivzear] < 22 o), (33)
t=1

where A = L(61) — L..

10



3.4. THE NADAM ALGORITHM

Algorithm 1 Napam: Normalized Adaptive Descent with Momentum

Input: Learning rate , momenta 1, 82 € [0,1), ¢ > 0, iterations T

Initialize: 0; € RY, my =0, v9 =0

fort=1,...,T do

gt < V(O &) > stochastic gradient
v — Bovi-1 + (1 - B2)g? > second moment
8 — gt/(Wve +¢€) > normalize
my «— Bim—1 + (1 — B1)3: > momentum
Or «— 6; — Binmy > Nesterov lookahead
g — VU0 &) > gradient at lookahead
Or+1 < 6r —1 (,Blmt +(1-p1) U‘fﬂ)

end for

Figure 3.2: The Nabpawm algorithm. Nesterov-style lookahead is combined with normalized adaptive
preconditioning. The key difference from Adam is the gradient evaluation at the extrapolated point
0; and the re-weighting of the momentum term.

The proof proceeds in three steps. First, we use the L-smoothness of £ to bound the per-
iteration decrease:

_ Ln?
L(6111) < L(6;) = ni(VLOy), P20, + %Ilpt V2g,12. (3.4)

Second, we bound the inner-product term in expectation, leveraging the fact that the normal-

ization P, 12 ensures that ||\W¢|| is controlled regardless of the conditioning of P;:

- 1 1
E(V.LO), PAWH] = SIIVLEN - 0($) : (35)
Third, we sum the per-iteration bounds over t = 1,...,T and apply a telescoping argument,
yielding the O(1/VT) rate in Equation 3.3. Table 3.1 compares this result against existing bounds
for Adam and SGD.

3.4 The Napam Algorithm

The NPG framework suggests a natural design principle: choose W; to incorporate the strongest
possible convergence signal (Nesterov momentum) while relying on P; solely for curvature adap-
tation. This yields our proposed algorithm, Napam (Algorithm 1).

The crucial difference between Nabam and Adam is the Nesterov-style lookahead (lines 5-7
in Algorithm 1). By evaluating the gradient at the extrapolated point 6;, Nabpam corrects for the
momentum-induced overshoot that causes Adam to oscillate in narrow valleys. This correction
is particularly impactful in the late stages of training, where the loss surface near a minimum is

well-approximated by a quadratic and Nesterov acceleration is provably optimal.

11
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Table 3.2: ImageNet-1K top-1 and top-5 accuracy (%) for ResNet-50 trained with different optimiz-
ers. Results are the mean of 3 independent runs + standard deviation.

Optimizer Top-1 (%)  Top-5(%) Time (hrs)
SGD + Momentum 76.15+0.12 92.87 +£0.09 14.2
Adam 77.03 +0.10 93.24 +0.07 13.8
AdamW 77.31 £0.08 93.52 +0.06 13.9
AMSGrad 76.84 +£0.14 93.11+0.10 14.0
Napam 77.58 £0.07 93.71+0.05 11.3

Table 3.3: Validation perplexity on C4 for GPT-2 Small. Lower is better.

Optimizer Perplexity

Adam 22.4
AdamW 21.9
NAbpam 21.3

3.5 Experimental Validation

We evaluate Napam against Adam, AdamW, AMSGrad, and SGD with momentum on three bench-

marks spanning the major application domains of deep learning.

3.5.1 Image Classification on ImageNet-1K

We train a ResNet-50 [ 14] from scratch on ImageNet-1K (1.28M training images, 1000 classes) using
standard data augmentation (random resized crop, horizontal flip). All optimizers use a batch size
of 1024, a cosine learning rate schedule with linear warmup over 5 epochs, and are trained for 90
epochs on 8 Lumina A100 GPUs.

Table 3.2 reports the results. Napam achieves the highest top-1 accuracy (77.58%) while reduc-
ing wall-clock training time by 18% relative to the Adam family. The improvement is statistically

significant at p < 0.01 under a paired ¢-test.

3.5.2 Language Modeling

We train a GPT-2 Small architecture (124M parameters) on the C4 corpus using the standard au-
toregressive language modeling objective. All optimizers use a batch size of 512 sequences of 1024
tokens, trained for 300k steps with a linear warmup over 2k steps followed by cosine decay.

On language modeling (Table 3.3), Napawm achieves a validation perplexity of 21.3, a 2.7% im-
provement over AdamW. The gain is most pronounced in the tail of the training run (steps 200k-

300k), consistent with the hypothesis that Nesterov correction is most valuable near convergence.

12



3.6. DISCUSSION AND PRACTICAL RECOMMENDATIONS

Table 3.4: Mean normalized return on Procgen (averaged over all 16 environments). Higher is
better.

Optimizer Normalized Return

Adam 0.582
Napam 0.604
Training Loss
Adam
ADAM

Tteration (x10%)

Figure 3.3: Training loss curves for Adam and Napam on a synthetic ill-conditioned quadratic
problem (condition number ¥ = 10*). Napam converges significantly faster, consistent with the
theoretical rate in Theorem 3.3.

3.5.3 Reinforcement Learning

We evaluate on the Procgen benchmark [15] using a PPO agent with an IMPALA-CNN architec-
ture. Hyperparameters follow the standard Procgen configuration: 25M environment steps, rollout
length of 256, mini-batch size of 64, and 3 PPO epochs per rollout.

NapaMm improves the mean normalized return by 3.8% over Adam on Procgen (Table 3.4). The
improvement is consistent across all 16 environments, with the largest gains on procedurally gen-
erated environments where the non-stationarity of the objective places a premium on rapid adap-

tation — precisely the regime where normalization and lookahead provide the greatest benefit.

3.6 Discussion and Practical Recommendations

The experimental results support three practical takeaways. First, normalization matters as much
as adaptation: the NPG abstraction reveals that separating preconditioner geometry from step
magnitude is essential for both theory and practice. Second, Nesterov lookahead is a cheap win:
the additional forward pass required by the lookahead step is amortized over the reduced number
of total iterations. Third, simpler learning rate schedules suffice when the optimizer itself is robust
to curvature variation, reducing the need for extensive hyperparameter tuning.

Figure 3.3 illustrates the convergence behavior on a controlled synthetic problem, highlighting

the advantage of Nesterov-style correction in ill-conditioned settings.

13
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We conclude with two cautionary notes for practitioners. First, the NPG analysis assumes suffi-
ciently small learning rates; aggressive learning rate schedules that violate this condition (e.g., very
high peak learning rates followed by abrupt decay) can destabilize Napam in the same way they
destabilize Adam. Second, the theoretical guarantees apply to the ergodic average = 3, ||VL(0:)||%;
the behavior of the last iterate Or may differ in practice, though our experiments suggest this dif-

ference is negligible.

14



Chapter 4

Conclusion and Future Work

4.1 Summary of Contributions

This thesis has addressed the gap between the theory and practice of adaptive stochastic optimiza-
tion for high-dimensional machine learning. We introduced the Normalized Preconditioned Gra-
dient (NPG) framework, which provides a unified language for describing and analyzing adaptive
methods. Within this framework, we proved almost-sure convergence to stationary points under
assumptions that are both weaker and more faithful to practice than those in the existing literature.

Building on the NPG analysis, we proposed Napam, an algorithm that integrates Nesterov-
style acceleration with adaptive preconditioning. Napam enjoys an O(1/VT) convergence rate for
non-convex objectives — strictly tighter than the best known bound for Adam — and achieves state-
of-the-art empirical performance on image classification, language modeling, and reinforcement

learning benchmarks.

4.2 Limitations

Several limitations of this work suggest directions for future investigation. First, our convergence
analysis assumesi.i.d. sampling of minibatches, which excludes the shuffling and curriculum strate-
gies commonly used in practice. Extending the NPG framework to non-i.i.d. data streams —e.g.,
using the recent martingale-based analyses of shuffle-once SGD — would narrow the remaining
theory—practice gap.

Second, the NPG framework requires the preconditioner P; to be positive definite and bounded
away from zero, which excludes methods that employ aggressive gradient clipping or sparsity-
inducing preconditioners. Relaxing this requirement could bring methods like LAMB [16] and
SignSGD [17] into the unified framework.

15
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4.3 Future Directions

We identify four promising directions for future work:

1. Second-order information. The NPG framework currently uses only first-order (gradient) in-
formation to construct the preconditioner. Incorporating diagonal Hessian estimates or Fisher
information matrices could yield algorithms that adapt to local curvature more rapidly, at a
modest computational overhead.

2. Distributed and federated settings. In federated learning, communication constraints and
data heterogeneity exacerbate the optimization challenge. The normalization step in NPG
is particularly well-suited to federated averaging, as it decouples local preconditioning from
global model synchronization.

3. Automated hyperparameter selection. While Napam inherits Adam’s robustness, the ideal
values of $1 and > may depend on problem characteristics. Online hyperparameter adapta-
tion, possibly using gradient-based hyperparameter optimization, is a natural extension.

4. Beyond smooth optimization. Many problems in reinforcement learning and adversarial
training involve non-smooth or even discontinuous objectives. Extending NPG to the sub-
gradient regime — where the notion of a preconditioner must be redefined — would broaden
its applicability considerably.

The tools developed in this thesis provide a foundation for addressing these challenges. By es-
tablishing a principled separation between adaptation and acceleration, the NPG framework offers

a design space whose exploration has only begun.
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Appendix A

Proof of Theorem 1

We provide a detailed proof of Theorem 3.3. Recall the standing assumptions: L is L-smooth (As-
sumption 1), gradients are unbiased with bounded variance (Assumptions 2-3), and L is bounded

below (Assumption 4).

Proof. From the L-smoothness of £ and the NPG update 0;,1 = 0; —mPt_l/ Z‘I/t, astandard quadratic
upper bound yields

- L7
L(0r1) < £O) ~i(VLO), Py W) + L Py 2w 2 (A1)

Let E¢[-] = E[- | 6¢, P¢] denote the conditional expectation. Taking E; of both sides of (A.1) and
applying the tower property:

L 2
BLO)] < L) - 0B [(VLO), P;2W) ] + LB (1P w1, (A2)

1/2

By the construction of the preconditioner, P; > 0, so P, '~ is well-defined. Moreover, by the

boundedness condition on W, there exist constants C1, C, > 0 such that
E:IIWilI7] < C1 + Cal[ VLGOI (A3)

The critical step is bounding the inner product. Since P /% is F;_1-measurable (it depends onl
P & P t P y
on gradients up to t — 1), and W; is an unbiased estimator of the normalized gradient direction, we

have:

E; [(VL®Oy), P20 = (VL®OY), P}V E[W])

/\min Pt_l/z)

1, -
> =S IVLENP = SIPT P EONY - B WI7), (A4

where /\mm(Pt_l/ 2) is the minimum eigenvalue of P, 172, By the normalization property of NPG,
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APPENDIX A. PROOF OF THEOREM 1

P, 172 is bounded both above and away from zero uniformly in ¢, S0 Amin(P, U 2) > vy for some

y > 0.
Substituting (A.3) and (A.4) into (A.2), setting 1; = /VT, and summing from ¢ = 1 to T:

2] < 2(L(01) - L)

o), A5
VT +0(1) (A.5)

T
D E[IVLO
t=1

where we have used the telescoping property and the lower bound L.. Dividing by T yields the
claimed O(1/VT) rate. O

End of proof.
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