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Abstract

High-dimensional dynamical systems pervade modern scientific inquiry, from climate mod-
eling and neural population dynamics to financial market microstructure and genomic regu-
latory networks. This dissertation develops a unified framework for stochastic optimization
in such systems by bridging three previously disconnected threads: spectral regularization
of non-convex objectives, kernel-based sensitivity analysis under temporal dependence,
and adaptive step-size schemes that exploit the geometry of the loss landscape. The central
contribution is the Spectral Annealed Gradient (SAG) algorithm, which couples a pre-
conditioned Langevin dynamics sampler with a spectrally adaptive temperature schedule,
yielding provable convergence guarantees in the overparameterized regime. We validate
the framework through extensive simulation studies on synthetic systems of up to 10° di-
mensions, and we demonstrate practical efficacy on two real-world problems: predicting
short-horizon volatility surfaces from order-book data and inferring cortical connectivity
graphs from multi-electrode array recordings. Our results establish that SAG outperforms
Adam, RMSProp, and standard Langevin Monte Carlo across a suite of metrics including

wall-clock convergence, test-set log-likelihood, and posterior coverage of credible intervals.

Keywords: stochastic optimization, Langevin dynamics, high-dimensional inference, spec-

tral methods, dynamical systems
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CHAPTER 1

Introduction

The last decade has witnessed an explosion in the dimensionality of data collected across the
natural and social sciences. High-throughput genomic sequencers, dense sensor arrays, and
tick-by-tick financial data feeds routinely produce observations in spaces of dimension p
that may exceed the sample size n by orders of magnitude. Classical inferential machinery
— maximum likelihood, method of moments, and even modern Bayesian computation
via Hamiltonian Monte Carlo — buckles under this regime, either because the requisite
linear algebra scales superlinearly in p or because the geometry of the posterior distribution
becomes pathologically concentrated.

This dissertation is concerned with the following question:

Given a high-dimensional dynamical system whose state evolves according to a
stochastic differential equation (SDE) with unknown parameters 0 € R?, how can
we design an optimization procedure that recovers 6 with statistical efficiency guar-

antees while remaining computationally feasible when p > 10*?

We tackle this question from three complementary angles. First, we develop a spectral
regularization framework that leverages the eigendecomposition of the empirical Fisher
information matrix to identify and shrink directions of high curvature without requiring
full Hessian access. Second, we introduce a kernel-based gradient estimator that exploits
temporal structure in the underlying SDE to reduce the variance of stochastic gradients

by an order of magnitude relative to naive subsampling. Third, we propose an adaptive



temperature schedule that anneals the injected noise in proportion to a local flatness measure,
ensuring rapid mixing near saddle points without sacrificing convergence to the global

minimizer.

1.1 Motivation and Scope

Consider the prototypical setting of a d-dimensional It6 process:

dX, = f(X.;0) dt + o(X,) dW,, (1.1)

where f : RYxR?” — R is a smooth drift function, o is a state-dependent volatility matrix,
and W; is a standard d-dimensional Brownian motion. Observations yy,...,y, arrive at
discrete times t1, . . . , t,, possibly corrupted by additive Gaussian noise. The log-likelihood
6,(0) = 21 log p(y; | 6) is almost always non-convex and may contain exponentially
many suboptimal local minima when p is large [2].

Why should we expect any algorithm to succeed here? A growing body of work in
the theory of overparameterized models [3, 7] suggests that the loss landscape of high-
dimensional problems is generically benign: saddle points dominate local minima, and
all global minima are connected by flat, low-loss valleys. Our contributions show how to

exploit this structure algorithmically.

1.2 Summary of Contributions

1. Chapter 2 introduces the Spectral Annealed Gradient (SAG) algorithm, proves its con-
vergence in Wasserstein-2 distance, and characterizes its bias-variance trade-off through

a sharp non-asymptotic bound.

2. Chapter 3 develops the temporal kernel gradient estimator and establishes a central limit

theorem for the resulting stochastic gradients under S-mixing.
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3. Chapter 4 presents the adaptive temperature schedule, which interpolates between
exploration and exploitation phases without requiring manual tuning of a cooling rate

parameter.

4. Chapter S reports simulation benchmarks on synthetic dynamical systems of varying

dimension, comparing SAG against six baseline optimizers.

5. Chapter 6 applies the full framework to two empirical problems: volatility surface
reconstruction from limit-order-book data, and functional connectivity estimation from

neural spike trains.



CHAPTER 2

Spectral Annealed Gradient

This chapter develops the core algorithmic contribution of the dissertation. We begin by
establishing notation and reviewing the relevant background on Langevin dynamics and
spectral regularization, then present the SAG update rule and prove its main convergence

guarantee.

2.1 Preliminaries

Let £(6) = —¢,(6) denote the empirical risk (negative log-likelihood). The unadjusted

Langevin algorithm (ULA) [9] generates a Markov chain {6y } x>0 via the recursion

Ok+1 = Ok —VL(OK) + V217 &k, (2.1)

where n > 0 is the step size, T > 0 is the temperature parameter, and & ~ N(0,1,)
are independent Gaussian vectors. Under mild regularity conditions on £, the stationary
distribution of (2.1) is proportional to exp(—2£(6)/7), making ULA a natural tool for both
sampling from and optimizing over the posterior.

However, when p is large and £ is poorly conditioned, the naive ULA update (2.1)
mixes prohibitively slowly. The condition number x = Apmax(VZL)/Amin(V2L) can be on
the order of 103 to 10° in the problems we study, forcing 7 = O(1/Amax) and yielding a

mixing time that scales as O («?).



2.2 The SAG Algorithm

The SAG algorithm replaces the isotropic noise injection in (2.1) with a spectrally adapted
counterpart. For each iteration k, we compute a low-rank approximation of the empirical
Fisher information:

A 1

_ | o
Fi= 3 > Viogp(yi | 6x) Vieg p(yi | )" (2.2)

i€Bx

where B;. is a mini-batch of size B. Let £}, = UpAx UkT be the eigendecomposition with

Ay = diag(Ax1, ..., Adkp) and Ag 1 > -+ > Ay, > 0. Define the truncated precision matrix
[y = Uy diag(max(Ag,1, €), ..., max(dg p, e))_l/zUkT, (2.3)

with & = 1078 for numerical stability. The SAG update is then

Ore1 = Ok — e TkVL(O) + 2w T, & |, (2.4)

where 1, and 1 follow adaptive schedules defined in Chapter 4.

Assume £ is M-smooth and u-strongly convex outside a compact set. Let {6y} be
generated by (2.4) with nx = nok™ and 7 = T0k™° for 0 < § < y < 1. Then there

exists a constant C > O such that for all k > 1,

Wa(L(6x), mr) < C k=072 (2.5)

where 7 denotes the Gibbs distribution oc exp(—L(6)/7) and W5 is the Wasserstein-2

distance.
g J

The proof, deferred to Appendix A, hinges on a coupling argument that synchronizes two

copies of the chain — one at equilibrium and one evolving from an arbitrary initialization
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— and bounds the contraction induced by the preconditioner I'k.

2.3 Comparison with Related Methods

Table 2.1 summarizes the key differences between SAG and several widely used optimizers.

Table 2.1: Comparison of optimization methods for high-dimensional stochastic problems.

Method Preconditioning  Noise Model Temp. Schedule
Adam [6] Diagonal EMA of None N/A
squared grads
RMSProp [10] Diagonal EMA of None N/A
squared grads
ULA [9] None Isotropic Gaussian Constant
SGLD [11] None Isotropic Gaussian Decreasing
pSGLD [1] RMSProp-style di- Isotropic Gaussian Decreasing
agonal
SAG (this work) Low-rank Fisher Spectral Adaptive




CHAPTER 3

Temporal Kernel Gradient Estimation

When observations arise from an SDE as in (1.1), the temporal ordering carries information
that is discarded by standard i.i.d. subsampling. This chapter introduces a kernel-weighted
gradient estimator that exploits the B-mixing property of discretely observed diffusion

processes.

3.1 Kernel Construction

For observations at times 0 = fp < t; < --- <t, =T, define the temporal kernel

1 ti—1t;
Kn(i, j) = E"’(l - "), (3.1)

where ¢ : Ry9 — Ry is a symmetric, compactly supported kernel (we use the Epanechnikov
kernel throughout) and # > 0 is the bandwidth. The kernel-smoothed gradient at iteration
k is
1 n
2(6) = E;Bk ;Kh(z,n Viogp(y; | 6). (3.2)
The inner sum over j down-weights observations that are temporally distant from i,
reducing the contribution of high-variance gradient estimates from independent time blocks

while preserving the low-bias signal from adjacent observations.



3.2 Theoretical Properties

Let the process {X;} in (1.1) be geometrically S-mixing with mixing coefficient
B(t) < cpe . Fix 0 and let h = h,, — 0 such that nh, — oco. Then, as n — oo,
~ d
VB (c(6) ~E[Vlog p(y | 0)]) = N0, £4(6)), (3.3)

where 24(6) is a positive semi-definite matrix with tr(Z4) < tr(Ziiq) / (1 + c2h™1)

for some ¢, > 0. In words, the kernel estimator achieves a variance reduction factor

of approximately 1 + ¢, /h relative to the standard i.i.d. estimator.

Temporal dependence is not a nui-
sance to be corrected — it is a struc-
tural feature that, when properly har-
nessed through kernel smoothing, can
reduce gradient variance below the

1.1.d. baseline.

The bandwidth & controls the bias-variance trade-oft: small % recovers the raw i.i.d.
estimator, while large / averages over long temporal windows, potentially introducing bias
if the latent state drifts substantially. In practice, we select 4 via a plug-in estimator derived

from the empirical autocorrelation function of the gradient sequence.
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CHAPTER 4

Empirical Evaluation

This chapter presents the experimental validation of the SAG framework. All experiments
were conducted on a compute cluster equipped with 64-core AMD EPYC processors and
Lumina A100 GPUs, using a custom implementation in JAX [5]. Code reproducing all

figures and tables is publicly available at https://github.com/example/sag-code.

4.1 Synthetic Benchmarks

We consider three families of synthetic test problems, summarized in Table 4.1.

Table 4.1: Synthetic benchmark problems. p = parameter dimension; n = sample size; k =
condition number of Hessian at optimum.

Problem p n k  Description

Logistic bandit 5% 103 10° 820 Binary outcomes with
sparse signal

Lorenz-96 SDE 1x10* 2x10° 4.3 x10° Chaotic atmospheric toy
model

Cox-Ingersoll-Ross 2 x 10* 5x10* 1.1 x10* Multi-factor interest rate
dynamics

For each problem, we compare SAG against six baseline optimizers: Adam, RMSProp,
Adagrad, standard ULA, SGLD [11], and preconditioned SGLD (pSGLD) [1]. All methods

are given a fixed computational budget of 10° gradient evaluations.


https://github.com/example/sag-code

4.1.1 Convergence Speed

Figure ?? (appearing in the List of Figures) plots the negative log-likelihood against wall-
clock time for the Lorenz-96 problem. SAG reaches a test log-likelihood of —2.87 within
1.2 x 103 seconds, compared to —3.41 for Adam at the same time point and —4.02 for
standard ULA. The spectral preconditioner yields a roughly 2.5x speedup relative to the

next-best method (pSGLD) on this problem class.

4.1.2 Posterior Coverage

Table 4.2: Empirical coverage of 95% credible intervals across methods on the logistic
bandit problem. Nominal coverage target is 0.95.

Method Mean Coverage Interval Width
Adam (bootstrap) 0.82 1.24
RMSProp (bootstrap) 0.79 1.31
ULA 0.88 1.08
SGLD 0.91 0.96
pSGLD 0.93 0.91
SAG 0.94 0.87

SAG achieves 94% mean coverage with the narrowest intervals among all methods, indi-
cating that the spectral noise injection successfully calibrates uncertainty without sacrificing
precision. The gap between SAG and pSGLD narrows as dimension grows, consistent with
our theoretical analysis showing that the advantage of low-rank preconditioning is most

pronounced in the p > n regime.

4.2 Real-Data Applications

4.2.1 Volatility Surface Reconstruction

We apply SAG to reconstruct implied volatility surfaces from Level-2 limit-order-book

data for S&P 500 options during the volatile trading months of January—March 2024. The
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dataset, sourced from the Market Information Data Analytics System (MIDAS) through a
collaborative agreement with Vertex Quantitative Research, contains approximately 8 x 107
order-book snapshots at millisecond resolution.

The parameter vector 8 encodes the coeflicients of a stochastic volatility inspired (SVI)
surface parameterization with p = 3,186 free parameters covering strikes ranging from 0.5x
to 2.0x spot and maturities from one week to two years. Table 4.3 reports the out-of-sample

root mean squared error (RMSE) in implied volatility units.

Table 4.3: Out-of-sample RMSE for volatility surface reconstruction. Lower is better.

Method  RMSE (weekly) RMSE (monthly)
Adam 0.0241 0.0187
RMSProp 0.0258 0.0193
SGLD 0.0194 0.0151
pSGLD 0.0182 0.0144
SAG 0.0156 0.0119

4.2.2 Cortical Connectivity Inference

The second application concerns inferring functional connectivity graphs from multi-
electrode array recordings of macaque primary visual cortex, collected in collaboration
with the Nimbus Neuroscience Institute. The data consist of n = 1.2 x 10 spike-time
events across d = 96 electrodes during presentation of drifting grating stimuli. We fit a
multivariate Hawkes process with a sparse graph-structured excitation matrix 6 € R6*%,
The inferred connectivity graph produced by SAG recovers known anatomical path-
ways with 82% precision and 74% recall, outperforming the lasso-regularized maximum-
likelihood baseline (64% precision, 58% recall) reported in [8]. Notably, SAG identifies a

previously unreported reciprocal connection between layers 2/3 and layer 5 of area V1, a

finding that aligns with recent anatomical tracing studies [4].
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