ELeENA V. MARCHETTI

Statistical Physics
of Complex Networks

From Graph Ensembles to Emergent Phenomena

MonNoGraPHS IN THEORETICAL PHYSICS

VOLUME 42

Institute for Advanced Study e Princeton

Springer International Publishing
Cham e Heidelberg @ New York e London



DOI

ISBN

(eBook: 978-3-031-48922-4)
LCCN

Subjects

Edition

10.1007,/978-3-031-48921-7
978-3-031-48921-7

2024938271
Statistical Physics; Complex Networks; Network Science; Graph Theory
First Edition, 2025



Statistical Physics of Complex Networks

Elena V. Marchetti
Institute for Advanced Study
Princeton, New Jersey, USA

© 2025 Springer International Publishing AG

All rights reserved. No part of this publication may be reproduced,
stored in a retrieval system, or transmitted in any form or by any means
without the prior written permission of the publisher.

Printed on acid-free paper. Typeset in TgX Gyre Pagella by the author.

PN

&> Compile and edit this template online at letx.app


https://letx.app




To Marco and Sofia,

who taught me that every connection matters.






Contents

Preface

I Foundations

1 The Landscape of Network Science
1.1 Historical Background . ... ... ...
1.2 Basic Definitions . . . . .. ... ... ..

1.2.1 Degree Correlations and Assortativity . . . . ... ... .. ... ......

1.2.2  Clustering and Transitivity . . .

2 Statistical Mechanics of Graph Ensembles
2.1 The Microcanonical Ensemble of Graphs

2.2 The Canonical Ensemble: Exponential Random Graphs . . . . .. ... ... ...

221 The Configuration Model . . . .
2.3 Phase Transitions in Network Ensembles
2.3.1 Beyond the Configuration Model

II Applications and Case Studies
Color Plates

Index

10
10
11

13

17

21



CONTENTS

ii



Preface

His monograph grew out of a series of graduate lectures I delivered at the Institute for
Advanced Study between 2019 and 2023. The central premise is deceptively simple:
many of the most challenging problems in modern physics — from the glass transition

to quantum decoherence — can be reframed as questions about the structure and dynamics of
complex networks.

The approach taken here is deliberately interdisciplinary. Readers will encounter ideas drawn
from statistical mechanics, graph theory, information geometry, and the theory of disordered
systems. Each chapter begins with the necessary background and builds toward results at the
research frontier. I have aimed for a self-contained treatment that serves both as a graduate-level

textbook and as a reference for active researchers.

Princeton, New Jersey
January 2025
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Part 1

Foundations






The most exciting phrase to hear in science, the one that heralds new
discoveries, is not “Eureka!” but “That’s funny ...”

Isaac Asimov






Chapter 1

The Landscape of Network Science

HE study of networks has undergone a remarkable transformation over the past two

I decades. What began as a modest offshoot of graph theory has grown into a unifying
framework that cuts across physics, biology, computer science, and the social sciences.

This chapter surveys the intellectual landscape and establishes the notation and conceptual

vocabulary that will be used throughout the monograph.

1.1 Historical Background

The mathematical study of networks traces its lineage to Leonhard Euler’s 1736 solution of the
Konigsberg bridge problem, often cited as the birth of graph theory. Euler showed that it was
impossible to traverse all seven bridges of Konigsberg exactly once, a result that inaugurated the
abstract treatment of connectivity .

The field remained largely the province of pure mathematics until the mid-twentieth century,
when two developments reshaped its trajectory. First, Paul Erd6s and Alfréd Rényi introduced
their eponymous random graph model in 1959, providing a probabilistic framework that was
immediately congenial to the statistical-mechanics tradition. Second, the rise of digital computing
made it possible to collect and analyze network data at unprecedented scales.

1.2 Basic Definitions

A network (or graph) G = (V, E) consists of a set of vertices (or nodes) V = {v1,vs,...,vn} and
a set of edges E C V x V. Throughout this monograph, N = |V| denotes the number of vertices
and M = |E| the number of edges.

Definition 1.1 (Adjacency Matrix). The adjacency matrix of a simple graph on N vertices is the

N x N matrix with entries
1 if(i,j)€E,

ij =
0 otherwise.

For undirected graphs, A is symmetric: A;; = Aj;.
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CHAPTER 1. THE LANDSCAPE OF NETWORK SCIENCE

The degree k; of vertex i is the number of edges incident to it:

N
g = ZAZ']‘.

j=1

The degree distribution P(k) — the probability that a randomly chosen vertex has degree k —
is one of the most fundamental characterizations of a network ensemble.

1.2.1 Degree Correlations and Assortativity

Networks are not fully described by their degree distribution alone. The joint degree distribution
P(k, k’), which gives the probability that an edge chosen uniformly at random connects vertices
of degrees k and k’, captures two-point correlations. A particularly useful scalar summary is the
assortativity coefficient r, defined as the Pearson correlation coefficient between the degrees of

adjacent vertices .

1.2.2 Clustering and Transitivity
The clustering coefficient C; of vertex i measures the density of connections among its neighbors:

2T;

Ci= i,
ki(ki —1)

where T; is the number of triangles that include vertex i. The network-wide average (C) is a

standard measure of local structure.

Example 1.1 (Social vs. Biological Networks). Social networks typically exhibit high clustering
((C) = 0.3 t0 0.5), reflecting the tendency of “friends of friends” to become friends. In contrast,
biological regulatory networks often show low clustering but high modularity, with dense
connections within functional modules and sparse connections between them.



Chapter 2

Statistical Mechanics of Graph Ensem-
bles

The central insight that animates this monograph is that a network ensemble can be treated as a
statistical-mechanical system. Just as the microcanonical ensemble describes an isolated gas in
terms of its accessible microstates, a graph ensemble describes the set of all graphs that satisfy
specified macroscopic constraints.

2.1 The Microcanonical Ensemble of Graphs

Consider the set Gy u of all simple graphs with N vertices and exactly M edges. The total

|GN Ml = ((g))

M

number of such graphs is

In the microcanonical formulation, each graph G € Gn M is assigned equal probability:

1
|GN M|

This is precisely the Erd6s—-Rényi model G(N, M).

P(G) =

The equivalence, in the thermodynamic limit, of the microcanonical ensemble G(N , M)
and the canonical ensemble G(N, p) with p = M/ (I;] ) is a direct analogue of the
equivalence of ensembles in classical statistical mechanics.

2.2 The Canonical Ensemble: Exponential Random Graphs

The canonical formulation is considerably more flexible. Given a set of graph observables

{XM(G)}I;:1 and their prescribed expected values {(X)}, the maximum-entropy distribution
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CHAPTER 2. STATISTICAL MECHANICS OF GRAPH ENSEMBLES

takes the exponential form

K
1
P(G) = 7 exp|~ ), 6, Xu(G) |,
u=1
where Z = )¢ exp(- 2, 0,Xu(G)) is the partition function and the Lagrange multipliers {6}
are determined by the constraint equations (X,) = —dlog Z/d0,,.

Definition 2.1 (Hamiltonian of a Graph Ensemble). The quantity

K
H(G) = )" 0, Xu(G)

u=1

is called the graph Hamiltonian. It assigns an “energy” to each graph, with lower-energy graphs
being more probable under the ensemble.

2.21 The Configuration Model

The most important special case is the configuration model, where the prescribed observables

are the degree sequence {ki}ﬁ 1 - The Hamiltonian becomes

N
H(G) = Z 0: ki(G) = Z(Qi +0)) Aij,
i=1

i<j
and the probability factorizes over edge variables:
e_(6i+9j)

Aji _A..
P(G) = npi]’](l —pi) Y, pij

- —(6,‘+6]') ’
l<]

Cl+e

Theorem 2.1 (Existence of the MaxEnt Ensemble). For any sequence of real numbers {(kﬁ}f‘i "
satisfying 0 < (k;) < N — 1 for all i, there exists a unique set of Lagrange multipliers {0;} such that the
canonical ensemble reproduces the prescribed expected degrees.

Proof. The log-likelihood £(0) = —logZ + }; 0i(k;) is strictly convex in 8, since its Hessian
*L/ d0;00; = Cov(Aj;) is positive-definite on the interior of the feasible region. Its gradient
Vo, L = (ki) — Xz pij therefore vanishes at a unique point, and the map 6 — {(k;)} is a
diffeomorphism onto the space of feasible degree sequences. O

2.3 Phase Transitions in Network Ensembles

Theorem 2.2 (Percolation Transition). In the Erd6s—Rényi ensemble G(N, p) with p = c¢/N, the
expected size of the largest connected component undergoes a second-order phase transition at ¢ = 1. For
c < 1, the largest component has size O(log N); for ¢ > 1, a giant component emerges that contains a
finite fraction of all vertices.

The analogy with equilibrium critical phenomena runs deep. The order parameter m(c) = S/N,
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2.3. PHASE TRANSITIONS IN NETWORK ENSEMBLES

where S is the size of the giant component, scales as m ~ (¢ — 1)f with f = 1 near the critical
point — precisely the mean-field exponent .

2.3.1 Beyond the Configuration Model

While the configuration model captures arbitrary degree distributions, it ignores higher-order
correlations. The stochastic block model (SBM) introduces community structure by partitioning
vertices into Q blocks and assigning connection probabilities p,;, between blocks q and r. The

SBM Hamiltonian is .

H(G) = Z qu eqr(G);

q,r=1
where e;, counts edges between blocks g and r.
Remark 2.1 (Identifiability). A recurring theme in the statistical mechanics of networks is the
tension between model richness and parameter identifiability. The SBM with O(Q?) free param-

eters is unidentifiable when the block structure is unknown, motivating the extensive literature
on community detection and model selection in networks.

Corollary 2.3. Under mild regularity conditions, the maximum-likelihood estimate of the SBM parameters

is consistent as N — oo provided that the average degree diverges no faster than log N.
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Part 11

Applications and Case Studies
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All models are wrong, but some are useful.

George E. P. Box
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Color Plates

Selected illustrations referenced throughout the text.

Color versions are available in the electronic edition.

Plate 1
Power-law degree distributions. Empirical degree distributions for three real-world

networks, plotted on double-logarithmic axes. Left: the Internet at the autonomous-
system level (N ~ 25,000, estimated exponent y = 2.1). Center: a co-authorship network
in condensed-matter physics (N =~ 40,000, y = 2.4). Right: word co-occurrence in Moby
Dick (N = 17,000, y = 2.8). The dashed lines show maximum-likelihood power-law fits;
shaded regions indicate 95% confidence intervals obtained via parametric bootstrap with

B = 10,000 resamples.

Plate 2
Phase diagram of the correlated Erd6s—Rényi ensemble. The axes represent the average

degree c and the assortativity strength a. Region I (blue): subcritical regime with no giant
component and exponentially decaying component-size distribution. Region II (green): a
single giant component spanning approximately m(c) - N vertices. Region III (orange): a
bimodal phase in which two giant components coexist, stabilized by strong degree-degree
correlations. The critical line separating Regions I and II is second-order; the transition
between I and I1I is first-order. The tricritical point at (c, a) ~ (2.4, 0.62) marks the meeting

of the two phase boundaries.
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Plate 3
Community detection via belief propagation. Application of the degree-corrected stochas-

tic block model to a friendship network of N = 1,034 students at a U.S. high school. Left
panel: the adjacency matrix reordered according to the inferred block assignment, reveal-
ing five distinct communities that correspond closely to self-reported social groups. Right
panel: the same matrix randomized while preserving the degree sequence, demonstrating
that the block structure is statistically significant (p < 10~ under a parametric bootstrap
test). Colors indicate edge density within and between blocks, normalized by the expected

density under the configuration-model null.
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