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Abstract

This thesis investigates the rheology and segregation dynamics of dense gran-
ular flows through confined geometries, with emphasis on bidisperse mixtures
and non-local constitutive modelling. Using a combination of discrete element
method (DEM) simulations and laboratory experiments in an annular shear cell,
we characterize velocity profiles, packing fraction distributions, and particle-size
segregation patterns under a range of confining pressures and shear rates span-
ning three orders of magnitude.

Cette thèse porte sur la rhéologie et la dynamique de ségrégation des écoulements
granulaires denses en géométries confinées, en mettant l’accent sur les mélanges
bidisperses et la modélisation constitutive non locale. À l’aide de simulations
par méthode des éléments discrets (DEM) et d’expériences en laboratoire dans
une cellule de cisaillement annulaire, nous caractérisons les profils de vitesse,
les distributions de fraction volumique et les motifs de ségrégation par taille de
particules sous une gamme de pressions de confinement et de taux de cisaillement
couvrant trois ordres de grandeur.
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Résumé

Cette thèse présente une étude systématique des mécanismes de transport granu-
laire et de leur modélisation dans le cadre de la théorie µ(I). Nous proposons une
extension de la rhéologie µ(I) qui intègre une échelle de longueur de coopérativ-
ité pour les écoulements quasi-statiques près du seuil d’écoulement. Les résultats
expérimentaux et numériques montrent un excellent accord, validant l’approche
non locale pour une large gamme de paramètres physiques. Nous discutons
également des implications pour les applications géotechniques et les procédés
industriels de manutention de matériaux granulaires.

This thesis presents a systematic study of granular transport mechanisms and
their modelling within the µ(I) rheology framework. We propose an extension of
the µ(I) rheology incorporating a cooperativity length scale for quasi-static flows
near the jamming threshold. Experimental and numerical results show excellent
agreement, validating the non-local approach across a broad range of physical
parameters. Implications for geotechnical applications and industrial granular-
material handling processes are also discussed.
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Introduction

1.1 Motivation and Context
Granular materials — collections of discrete, macroscopic particles that interact primar-
ily through contact forces — are ubiquitous in nature and industry. From pharmaceutical
powder blending to geophysical debris flows, from agricultural grain handling to plane-
tary regolith dynamics, the ability to predict and control granular flow behaviour carries
enormous practical significance. Despite centuries of study, a unified continuum descrip-
tion of granular rheology remains elusive, particularly in the dense, slow-flowing regime
where non-local effects dominate [1, 2, 3].

This thesis addresses two interconnected challenges in granular mechanics. First, we
seek to characterize how geometric confinement alters the constitutive response of dense
granular flows, extending beyond the well-studied planar shear configuration to annular
and converging geometries relevant to industrial silo discharge and geophysical channel
flows. Second, we develop and validate a non-local extension of the µ(I) rheology that
accounts for cooperative particle rearrangements near the jamming transition.

1.2 Bilingual Context of McGill University

English

McGill University, situated in Montréal, Québec, occupies a unique position at
the intersection of Anglophone and Francophone academic traditions. This thesis,
while written primarily in English, includes a French-language abstract and key
chapter summaries in accordance with the university’s commitment to bilingual
scholarship.
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Français

L’Université McGill, située à Montréal, au Québec, occupe une position unique
à l’intersection des traditions universitaires anglophones et francophones. Cette
thèse, bien que rédigée principalement en anglais, comprend un résumé en français
et des résumés de chapitres clés, conformément à l’engagement de l’université envers
le bilinguisme savant.

1.3 Thesis Outline
The remainder of this thesis is organized as follows. Chapter 2 reviews the fundamen-
tal framework of granular rheology, from the inertial number I to the µ(I) constitutive
law, and surveys experimental evidence for non-local effects in confined flows. Chap-
ter 3 describes the discrete element method (DEM) simulation methodology, the annular
shear cell experimental apparatus, and the data analysis pipeline. Chapter 4 presents
our results on bidisperse segregation and velocity profile characterization under steady
dense flow conditions. Chapter 5 introduces our non-local rheological model, derives
the cooperativity length scale from DEM microstructural data, and validates the model
against independent experiments. Chapter 6 summarizes the contributions, discusses
limitations, and outlines directions for future research.
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Background and Literature Review

2.1 The µ(I) Rheology

2.1.1 Dimensional Analysis of Dry Granular Flows
Consider a collection of stiff, frictional grains of mean diameter d and material density
ρp, subjected to a confining pressure P and sheared at a rate γ̇. Dimensional analysis
[1, 2] identifies a single dimensionless parameter governing the flow regime:

I = γ̇d√
P/ρp

, (2.1)

termed the inertial number. This parameter may be interpreted as the ratio of the
microscopic inertial timescale d/

√
P/ρp (the time for a particle to rearrange under the

imposed pressure) to the macroscopic deformation timescale 1/γ̇. The quasi-static regime
corresponds to I → 0, while rapid collisional flows occupy I ≳ 0.3.

2.1.2 Constitutive Relations
In the dense regime (10−3 ≲ I ≲ 10−1), the effective friction coefficient µ ≡ τ/P and the
solid volume fraction ϕ are well described by the empirical forms [3]:

µ(I) = µs + µ2 − µs

I0/I + 1 , (2.2)

ϕ(I) = ϕmax − (ϕmax − ϕmin) I. (2.3)

Here µs is the static friction coefficient (yield threshold), µ2 is the limiting friction at large
I, I0 is a material-dependent reference inertial number, and ϕmax, ϕmin are the random-
close-packing and critical-state packing fractions, respectively. Typical parameter values
for glass beads are summarized in Table 2.1.
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Table 2.1: Representative µ(I) rheology parameters for spherical glass beads (from [3]
and this work).

Parameter Symbol Literature This Work Units
Static friction µs 0.38 ± 0.02 0.41 ± 0.03 —
Limiting friction µ2 0.64 ± 0.03 0.67 ± 0.04 —
Ref. inertial number I0 0.28 ± 0.04 0.31 ± 0.05 —
Max. packing ϕmax 0.595 ±

0.005
0.591 ±
0.006

—

Min. packing ϕmin 0.557 ±
0.005

0.553 ±
0.004

—

2.2 Non-Local Effects Near Jamming
For flows approaching the yield threshold (I ≲ 10−3), the local µ(I) description breaks
down: the stress at a point depends not only on the local strain rate but also on the
deformation field in a surrounding cooperativity region of size ξ. This phenomenon, first
identified in emulsions and soft glasses [4, 5], has been extended to dry granular media
through the non-local granular fluidity model.

Non-local granular fluidity model

The granular fluidity g ≡ γ̇/µ satisfies the inhomogeneous Helmholtz equation:

ξ2∇2g = g − gloc(µ, P ), (2.4)

where gloc is the local fluidity predicted by inverting Eqs. (2.2)–(2.3), and ξ is
the cooperativity length, which scales as ξ ∝ d (|µ − µs|/µs)−1/2 near the yield
threshold.

Equation (2.4) introduces a mesoscopic length scale ξ that smooths the fluidity field over
regions where cooperative particle rearrangements dominate the mechanical response.
Determining ξ from microstructural data is a central objective of the experimental pro-
gramme in Chapter 4.
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Methodology

3.1 Discrete Element Method Simulations
The three-dimensional DEM simulations employ a linear spring-dashpot contact model
with Coulomb friction, implemented in the open-source code GranuLo1 optimized for
shared-memory parallel architectures. Particle–particle and particle–wall contacts follow:

Fij =
(
knδn − γnδ̇n

)
n̂ij + min

(
∥ktδt + γtδ̇t∥, µp∥Fn∥

)
t̂ij, (3.1)

where kn, kt are normal and tangential stiffnesses, γn, γt are viscous damping coefficients,
µp is the inter-particle friction coefficient, δn,t are the normal and tangential overlap
vectors, and n̂ij, t̂ij are unit normal and tangent vectors at the contact.

Simulation Parameters

Table 3.1: DEM simulation parameters for the annular shear cell geometry.
Parameter Symbol Value Units
Particle diameter (small) dS 2.00 mm
Particle diameter (large) dL 3.00 mm
Size ratio dL/dS 1.50 —
Particle density ρp 2500 kg m−3

Normal stiffness kn 1.0 × 105 N m−1

Inter-particle friction µp 0.50 —
Simulation timestep ∆t 1.0 × 10−6 s
Number of particles N 2.5 × 104 —

1GranuLo is a fictional DEM solver developed at the Granular Media Laboratory, McGill University.
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Results and Discussion

4.1 Velocity Profiles in Confined Annular Flow
Figure 4.1 (schematic) illustrates the annular shear cell geometry: particles are confined
between two concentric cylinders of radii Rin = 60 mm and Rout = 120 mm, with a rough
bottom plate rotating at angular velocity Ω, generating a shear band localized near the
inner cylinder.

Rin

Rout
Ω

Figure 4.1: Schematic of the annular shear cell. The inner cylinder radius is Rin, the outer
radius is Rout. The bottom plate rotates at angular velocity Ω. Gold circles represent
granular particles.

Tangential Velocity Decay
The azimuthally averaged tangential velocity ⟨vθ⟩(r) exhibits a characteristic exponential
decay from the inner wall:

⟨vθ⟩(r) = ΩRin exp
(

−r − Rin

λ

)
, (4.1)
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where λ is the shear-band width. Table 4.1 reports λ extracted from fits to Eq. (4.1)
across three confining pressures and two size ratios.

Table 4.1: Shear-band width λ as a function of confining pressure P and bidisperse size
ratio.

P (kPa) dL/dS = 1.25 dL/dS = 1.50 dL/dS = 2.00
10 8.2 ± 0.6 mm 10.1 ± 0.8 mm 13.4 ± 1.1 mm
25 6.5 ± 0.5 mm 7.8 ± 0.6 mm 9.9 ± 0.8 mm
50 5.1 ± 0.4 mm 5.9 ± 0.5 mm 7.2 ± 0.6 mm

Two trends are evident: (i) λ decreases with increasing confining pressure, consistent with
the expected narrowing of the shear band as the system moves away from the quasi-static
threshold; and (ii) λ increases with size dispersity, reflecting enhanced particle mobility
in polydisperse packings.

4.2 Non-Local Model Validation
We fit the non-local fluidity model (Eq. 2.4) to the experimental velocity profiles, treat-
ing the cooperativity length ξ as the sole adjustable parameter. Figure ?? (not shown)
demonstrates quantitative agreement between the non-local prediction and DEM data
across the full range of I, whereas the local µ(I) model systematically underestimates
velocity in the quasi-static tail of the shear band. The extracted cooperativity length
follows ξ/d ≈ 3.2 ± 0.4 near the yield threshold, in reasonable agreement with the scal-
ing ξ/d ∝ (|µ − µs|/µs)−0.49±0.07 derived from independent microstructural correlation
analysis.
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Conclusion

This thesis has advanced the understanding of dense granular flows in confined geometries
through a combined experimental–numerical programme. The principal contributions
are:

• Comprehensive characterization of velocity and packing-fraction profiles in an
annular shear cell over three decades of shear rate and three confining pressures,
establishing benchmark datasets for bidisperse granular rheology.

• Quantification of size-segregation dynamics, demonstrating that the percolation
velocity of small particles scales as vseg ∝ γ̇dS(dL/dS − 1) in the dense regime, with a
pre-factor that depends weakly on I.

• Formulation and validation of a non-local µ(I) rheology incorporating a co-
operativity length ξ that captures the spatial extent of plastic events near jamming,
bridging the gap between quasi-static and inertial flow descriptions.

• Open-source release of the GranuLo DEM codebase and the experimental dataset,
enabling reproducible research and future model development.

Future Work
Several directions merit further investigation. The cooperativity length ξ has been deter-
mined only for spherical particles; extending the analysis to angular grains and cohesive
powders would test the universality of the non-local framework. Three-dimensional imag-
ing via X-ray microtomography could provide direct measurements of the microstructural
correlation functions that underlie Eq. (2.4). Finally, coupling the validated rheology
with continuum-scale CFD codes would enable predictive simulations of industrial-scale
granular handling equipment at Vertex Process Technologies and similar facilities.
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