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How to Read This Solution Set
Each problem below is restated in a shaded box, followed by a numbered worked
solution. Small notes in the right margin, like the one beside this paragraph,
reproduce the marking rubric used by the grading team: they show how many of
the problem’s points are attached to a given step and what a grader is checking
for.

v – pt
Margin notes follow
this format through-
out: point value, then
the grading criterion in
one line.

Symbol Meaning

v Marking-rubric note (margin) — points and criterion
for the adjacent step

✓ Final answer, boxed for quick reference
, Common mistake flagged at that step

Partial credit policy. Marks for a given step are awarded independently of
later steps: an arithmetic slip in Step 2 does not forfeit the marks earned for
correct setup in Step 1 or correct method in Step 3, provided the error is carried
forward consistently. Full derivations are required — a correct final answer with
no supporting work earns at most half of the marks allotted to the problem.

1 Problem 1 — Second-Order Linear ODE (10 points)

Problem Statement
A damped oscillator is modelled by

y′′ + 4y′ + 13y = 0, y(0) = 2, y′(0) = −1.

Find y(t) and classify the damping regime. [1]

Step 1. Set up the characteristic equation. Substituting y = ert gives

r2 + 4r + 13 = 0.

v 2 pt
Correct characteristic
equation from the ODE
coefficients.

Step 2. Solve for the roots. By the quadratic formula,

r = −4 ±
√

16 − 52
2 = −4 ±

√
−36

2 = −2 ± 3i.

The discriminant is negative, so the roots are a complex-conjugate pair
r = −2 ± 3i, which places the system in the underdamped regime.

v 3 pt
Correct roots and ex-
plicit statement of the
damping regime (un-
derdamped, since the
discriminant < 0).

Step 3. Write the general solution. For roots α ± iβ with α = −2, β = 3,
the general real solution is

y(t) = e−2t(C1 cos 3t + C2 sin 3t
)
.

Step 4. Apply the initial conditions. At t = 0:

y(0) = C1 = 2.
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Differentiating,

y′(t) = e−2t[(−2C1 + 3C2) cos 3t + (−2C2 − 3C1) sin 3t
]
,

so y′(0) = −2C1 + 3C2 = −1. With C1 = 2 this gives 3C2 = −1 + 4 = 3,
hence C2 = 1.

v 3 pt
Correct product rule
on y′(t) — the most
common slip is drop-
ping the −2 factor from
the envelope term when
differentiating.

✓ Final Answer

y(t) = e−2t(2 cos 3t + sin 3t
)
, underdamped, ωd = 3 rad/s. v 2 pt

Final expression as-
sembled correctly with
both constants substi-
tuted; units/label for
ωd not required but
rewarded.2 Problem 2 — Eigenvalues and Diagonalization (10

points)

Problem Statement
Let

A =
(

4 2
1 3

)
.

Find the eigenvalues and eigenvectors of A, and use them to write A =
PDP −1.

Step 1. Characteristic polynomial. Compute

det(A − λI) = det
(

4 − λ 2
1 3 − λ

)
= (4 − λ)(3 − λ) − 2 = λ2 − 7λ + 10.

v 2 pt
Determinant expanded
correctly; sign error on
the off-diagonal prod-
uct is the most frequent
deduction here.

Step 2. Solve for eigenvalues. Factoring,

λ2 − 7λ + 10 = (λ − 5)(λ − 2) = 0 =⇒ λ1 = 5, λ2 = 2.

Step 3. Eigenvector for λ1 = 5. Solve (A − 5I)v = 0:(
−1 2
1 −2

)(
v1
v2

)
=
(

0
0

)
=⇒ v1 = 2v2.

Taking v2 = 1 gives v(1) = (2, 1)T.

v 3 pt
Row reduction and
free-variable choice;
either eigenvector
scaling is accepted as
long as the direction is
correct.

Step 4. Eigenvector for λ2 = 2. Solve (A − 2I)v = 0:(
2 2
1 1

)(
v1
v2

)
=
(

0
0

)
=⇒ v1 = −v2.

Taking v2 = 1 gives v(2) = (−1, 1)T.

v 3 pt
Same criterion as Step
3, applied to the second
eigenspace.

x1

x2

v(1), λ1 = 5v(2), λ2 = 2
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✓ Final Answer

P =
(

2 −1
1 1

)
, D =

(
5 0
0 2

)
, A = PDP −1.

v 2 pt
P built from eigen-
vectors as columns in
the same order as the
eigenvalues appear in
D — a very common
source of lost marks.

3 Problem 3 — Conditional Probability (10 points)

Problem Statement
A component in a Nimbus sensor array is supplied by one of two vendors:
Vendor A supplies 60% of units and 3% of those are defective; Vendor B
supplies 40% of units and 5% of those are defective. A unit is drawn at
random and found to be defective. What is the probability it came from
Vendor B?

Step 1. Define events and given probabilities. Let BA, BB be the events
“unit from Vendor A/B” and D the event “unit defective”.

P (BA) = 0.60, P (BB) = 0.40,

P (D | BA) = 0.03, P (D | BB) = 0.05.

v 2 pt
Events correctly la-
belled and conditional
probabilities matched
to the right vendor.

Step 2. Compute the total probability of a defect. By the law of total
probability,

P (D) = P (D | BA)P (BA) + P (D | BB)P (BB)
= (0.03)(0.60) + (0.05)(0.40) = 0.018 + 0.020 = 0.038.

v 3 pt
Both terms present and
correctly weighted; a
common error is using
P (BA | D) in place of
the prior P (BA).

Step 3. Apply Bayes’ theorem.

P (BB | D) = P (D | BB) P (BB)
P (D) = (0.05)(0.40)

0.038 = 0.020
0.038 .

v 3 pt
Correct Bayes’ theorem
set-up with the Step 2
result used as the de-
nominator.

Step 4. Simplify.
P (BB | D) = 0.020

0.038 ≈ 0.526.

Unit

Vendor A
0.60

Defective
0.03

OK
0.97

Vendor B
0.40

Defective
0.05

OK
0.95

✓ Final Answer

P (Vendor B | defective) = 0.020
0.038 ≈ 0.526 (52.6%).

v 2 pt
Final probability re-
ported to at least three
significant figures with
correct interpretation
(posterior, not prior).

3



Math 204 — Differential Equations Problem Set 4 Solutions

4 Problem 4 — Constrained Optimization (10 points)

Problem Statement
The Apex fabrication line uses a rectangular enclosure of fixed perimeter
P = 40 m for a cooling unit. Find the dimensions that maximize the enclosed
area, and confirm the result is a maximum.

Step 1. Set up the objective and constraint. Let the sides be x and y. The
area to maximize is A = xy, subject to

2x + 2y = 40 =⇒ y = 20 − x.

v 2 pt
Constraint correctly
solved for one variable
and substituted in the
next step (not left as
a Lagrange multiplier
problem, which is
also accepted but not
required here).

Step 2. Reduce to a single-variable function. Substitute y into A:

A(x) = x(20 − x) = 20x − x2, 0 < x < 20.

Step 3. Find critical points. Differentiate and set to zero:

A′(x) = 20 − 2x = 0 =⇒ x = 10.

v 3 pt
Derivative taken cor-
rectly and set to zero;
domain restriction 0 <
x < 20 should be stated
so the endpoints are
ruled out.

Step 4. Confirm it is a maximum. The second derivative is

A′′(x) = −2 < 0 for all x,

so A(x) is concave down everywhere and x = 10 is a global maximum
on the interval. Then y = 20 − 10 = 10, so the optimal enclosure is a
square.

v 3 pt
Second-derivative test
(or a sign chart for
A′) explicitly invoked
— a bare “this is the
max” with no justifica-
tion loses this mark.

x

A(x)

x = 10

A = 100

✓ Final Answer

x = y = 10 m, Amax = 100 m2 (the optimal rectangle is a square).

v 2 pt
Both dimensions and
the maximum area
value reported, with
the observation that
the optimal shape is a
square.

Appendix: Formula Reference
The identities below were treated as known background for this problem set and
did not need to be re-derived in any solution.
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Topic Identity

Complex characteristic
roots

y = eαt(C1 cos βt + C2 sin βt) for r = α ± iβ

2×2 determinant det

a b

c d

 = ad − bc

Bayes’ theorem P (H | E) = P (E | H) P (H)
P (E)

Law of total probability P (E) =
∑

i P (E | Hi) P (Hi)
Second-derivative test f ′′(x0) < 0 ⇒ x0 is a local maximum of f

Recommended further reading: [1] for Problem 1, [3] for Problem 2, and [2]
for Problem 3.
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