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	 Problem 1: Amortized Complexity & Dynamic Arrays [25 Marks]

Consider a dynamic array data structure that expands when full by a growth factor of α = 1.5.

a[] [15 Marks] Use the Potential Method to prove that insertion is O(1) amortized. Define
potential function Φ(Di) and derive the exact upper bound.

b[] [10 Marks] Given an edge (u, v) with weight wnew added to an MST T , describe an O(|V |)
update algorithm and prove correctness via the Cycle Property.

¥ Solution 1(a): Amortized Analysis via Potential Method

1. Definition of State and Potential Function: Let ki be elements stored after operation i,
and Si be capacity. Resizing triggers when ki−1 = Si−1, setting Si = 1.5Si−1. We define potential
function Φ(Di):

Φ(Di) = C ·
(

ki − Si

1.5

)
(1)

• After resize: ki = Si
1.5 + 1 =⇒ Φ(Di) = C > 0.

• Full array (ki = Si): Φ(Di) = C
(
Si − Si

1.5

)
= C

3 Si. Thus Φ(Di) ≥ Φ(D0) = 0.

2. Amortized Cost Derivation (ĉi = ci + Φ(Di) − Φ(Di−1)):

• No Resize (ki−1 < Si−1): ci = 1, ∆Φ = C(1) =⇒ ĉi = 1 + C.
• Resize (ki−1 = Si−1): ci = Si−1 + 1, Si = 1.5Si−1.

∆Φ = C

(
(Si−1 + 1) − 1.5Si−1

1.5

)
− C

(
Si−1 − Si−1

1.5

)
= C − C

3 Si−1

ĉi = (Si−1 + 1) + C − C

3 Si−1 = 1 + C +
(

1 − C

3

)
Si−1

Choosing C = 3 cancels Si−1, yielding fixed amortized bound ĉi = 1 + 3 = 4 = O(1). ■

Student: Alex Mercer (ID: MIT-2026-8942) Page 1 of 3



CS 3410: Advanced Algorithms & Optimization Homework Solutions • Set 4

¥ Solution 1(b): Dynamic MST Edge Insertion Algorithm

Algorithm Description:

1. Add edge e = (u, v) to T , forming T ′ = T ∪ {e}. T ′ contains exactly one simple cycle C.
2. Run DFS/BFS from u on T to identify path Puv, forming cycle C = Puv ∪ {e} in O(|V |) time.
3. Find emax = arg maxe′∈C w(e′). If w(emax) > wnew, set Tnew = T ′ \ {emax}; else Tnew = T .

Correctness: By the Cycle Property, the max-weight edge in any cycle cannot belong to an
MST. Removing emax breaks cycle C while maintaining connectivity, producing an updated MST
in O(|V |) time. ■

	 Problem 2: Convex Optimization & Gradient Descent Convergence [35 Marks]

Consider regularized quadratic objective f(x) = 1
2xT Ax−bT x+ λ

2 ∥x∥2
2 over x ∈ Rd (A ⪰ 0, λ > 0).

a[] [15 Marks] Prove f(x) is µ-strongly convex and L-smooth. Express µ, L via eigenvalues of
A and λ.

b[] [20 Marks] Prove Gradient Descent with step η = 2
L+µ achieves ∥xk − x∗∥2 ≤

(
L−µ
L+µ

)k
∥x0 −

x∗∥2.

¥ Solution 2(a): Smoothness and Strong Convexity Bounds

1. Hessian Spectrum: ∇f(x) = (A + λI)x − b and ∇2f(x) = A + λI. Eigenvalues of ∇2f(x)
are µi = σi(A) + λ.

• Strong Convexity: ∇2f(x) ⪰ (σmin(A) + λ)I =⇒ µ = σmin(A) + λ > 0.
• Lipschitz Smoothness: ∥∇2f(x)∥2 = σmax(A) + λ =⇒ L = σmax(A) + λ. ■

¥ Solution 2(b): Optimal Gradient Descent Convergence Rate

1. Iteration Error Dynamics: Since ∇f(x∗) = 0 =⇒ b = (A + λI)x∗:

xk+1 − x∗ = (xk − x∗) − η(A + λI)(xk − x∗) = (I − η(A + λI)) (xk − x∗) (2)

2. Spectral Radius Optimization: Spectral norm bound gives ∥xk+1 − x∗∥2 ≤ ∥I − η(A +
λI)∥2∥xk − x∗∥2. Equating bounds 1 − ηµ = −(1 − ηL) yields optimal step size η∗ = 2

L+µ . The

optimal contraction parameter is ρ = L−µ
L+µ < 1, proving ∥xk − x∗∥2 ≤

(
L−µ
L+µ

)k
∥x0 − x∗∥2. ■

x1

x2

x∗ (Optimum)

x0

x1

x2

Contraction ρ = κ−1
κ+1
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	 Problem 3: Network Flow & Workload Allocation [40 Marks]

A cloud infrastructure cluster consists of m = 3 task queues T = {T1, T2, T3} and n = 3 compute
servers S = {S1, S2, S3}. Each queue Ti has supply c(Ti), and each server Sj has processing
capacity c(Sj). Valid assignments (Ti, Sj) have edge capacities c(Ti, Sj).

a[] [20 Marks] Formulate as a Max-Flow problem on flow network G = (V, E, c) with super-
source s and super-sink t.

b[] [20 Marks] Apply the Max-Flow Min-Cut Theorem to compute maximum throughput
given capacities: c(T1) = 20, c(T2) = 15, c(T3) = 25; c(S1) = 15, c(S2) = 25, c(S3) = 20;
and intermediate edge capacities c(T1, S1) = 10, c(T1, S2) = 12, c(T2, S2) = 15, c(T3, S2) =
10, c(T3, S3) = 20.

¥ Solution 3: Flow Network Formulation & Min-Cut Calculation

1. Flow Network Construction & Graph Diagram: We connect super-source s → Ti with
capacity c(Ti) and server nodes Sj → t with capacity c(Sj).

s

T1

T2

T3

S1

S2

S3

t

20

15

25

10

12

15

10

20

15

25

20

2. Augmenting Path Execution & Max Flow Value:

1. s → T1 → S1 → t: Bottleneck min(20, 10, 15) = 10.
2. s → T1 → S2 → t: Bottleneck min(10, 12, 25) = 10.
3. s → T2 → S2 → t: Bottleneck min(15, 15, 15) = 15.
4. s → T3 → S3 → t: Bottleneck min(25, 20, 20) = 20.

Total Max Flow: |f∗| = 10 + 10 + 15 + 20 = 55 units/sec.
Min-Cut Capacity Verification: Evaluating cut A = {s, T1, T2, T3, S1, S2}, B = {S3, t}, cut
edges (T3, S3), (S1, t), (S2, t) give C(A, B) = 20 + 10 + 25 = 55 = |f∗|. By Max-Flow Min-Cut
Theorem, maximum cluster throughput is 55. ■

Á Assignment Self-Verification & Grading Summary

Problem Topic / Area Max Marks Status Score
1(a) Potential Method Amortization (α = 1.5) 15 ¥ Verified 15 / 15
1(b) Dynamic MST Edge Update (O(|V |)) 10 ¥ Verified 10 / 10
2(a) Convex Smoothness & Strong Convexity 15 ¥ Verified 15 / 15
2(b) Gradient Descent Linear Convergence Rate 20 ¥ Verified 20 / 20

3 Distributed Cluster Network Max-Flow / Min-Cut 40 ¥ Verified 40 / 40
Total CS 3410 Problem Set 4 Submission 100 Complete 100 / 100
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