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Problem 1: Harmonic Oscillator Matrix Elements & Uncertainty

Consider a one-dimensional quantum harmonic oscillator of mass m and natural frequency w.
Recall the ladder (annihilation and creation) operators defined by:

4= mw ,@+LA at = mw Q_LA
\V 2h mw! )’ \V 2h mw!

which obey the canonical commutation relation [4,4"] = 1. The energy eigenstates are denoted by
|n) withn =0,1,2,...,whered |n) = y/n|n—1)and 4t |n) = Vn+1|n+1).

(a) Express the position operator £ and momentum operator  in terms of 4 and 4t. Use these
to evaluate the matrix elements (n|£2|m) and (n|p?|m) for arbitrary non-negative integers n
and m. [12 Points]

(b) Calculate the expectation values (%), (£?), (p), and (p?) for a stationary state |n). Show that
the product of uncertainties AxAp satisfies:

1
AxAp = (n + 2) h
Verify that the ground state |0) saturates the Heisenberg Uncertainty Principle bound. [10

Points]

(c) A quantum particle at t = 0 is prepared in the coherent superposition state:

1
9(0)) = E(IOHID)

Calculate the time-dependent expectation value of position (£) (f) for t > 0, and determine
its amplitude and oscillation frequency. [8 Points]

\. J

@ Solution to Problem 1

Part (a): Operator Expressions and Matrix Elements
Inverting the definitions of @ and 4t we obtain:

>
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S
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x>
e
——

£ = a+a*),

2mw (

Department of Physics Page 1 of 5



PHYS 401: Quantum Mechanics | ‘ Problem Set 4 Spring 2026 | Meridian University

Squaring the position operator £2:

7 2 n
2= (a + ﬁ*) = (az +aat +ata+ (a‘f)z)
2mw 2mw

Using aat = a'a +1 = N + 1, where N = 4%4 is the number operator:
2o (# + 20 +1+ (a")?)
2mw

Taking matrix elements between orthonormal states (n| and |m):

(] 2|m) — ZYZW [\/m(m—l)én,m2+(2m—|—1)5n,m+\/(m+1)(m+2)(5n,m+2]

Similarly, for the squared momentum operator p?:

o Mhw (o0 ~1)2
r=-— (a (2N—|—1)—|—(a)>

(n]p*[m) =

Part (b): Uncertainty Relation in State |1)
For any stationary state |n), off-diagonal terms vanish, yielding (£), = 0 and (p), = 0. From the
diagonal matrix elements (n = m):

mhw [_ m(m —1) ums + (2m +1) Sy — \/(m +1)(m+2) (Sn,m+2:|

(#), =5 —@nt+1), (), = mzw(2n+1)

The standard deviations (uncertainties) are:

h mhw
—\/%(Zn—l—l), Ap_\/T(Zn—i—l)

Multiplying the uncertainties:

i n 1
AxAp = \/me(Zn—i—l)-\/mzw(Zn—i—l): <n+2)h

Forn = 0: AxAp = saturatmg the Heisenberg Uncertainty Principle bound.
Part (c): Time Evolutlon of Position Expectation Value
State evolution: | (t)) = % (e~Eot/1|0) + e~ 'E1t/1|1)), where Ey — Ey = hw.

() () = WOIEIP(O) = 2 [ (0f£[1) +¢7 (112]0)] = 1/ 5 cos(ewt)

mw

The expectation value executes simple harmonic motion with amplitude A = 2m and frequency
w.

Problem 2: Spin-1/2 Particle in a Rotating Magnetic Field

A spin-1/2 particle with gyromagnetic ratio -y is subject to a strong constant magnetic field along
the z-axis, combined with a transverse rotating magnetic field of frequency w:

B(t) = Boz + By (cos(wt)X + sin(wt)§)
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where By > B; > 0. The spin operators are S = %(’T’, where 0y, 0y, 0, are the Pauli spin matrices.

(a) Write down the explicit 2 x 2 matrix representation of the time-dependent Hamiltonian
HA(t) = —9S - B(t) in the standard S, basis {|+),|—)}. Define the Larmor frequencies
wo = —yBpand w; = —Bs. [10 Points]

(b) Transform the state vector into the rotating frame: [r(t)) = e/“!%=/2 |1(t)). Show that | (t))
satisfies an effective time-independent Schrodinger equation:

ih;t |Wr(t)) = Hege |Pr(t))

and write down the explicit matrix form of Heg. [13 Points]
() Assuming the particle is initially in the spin-down state |(0)) = |—) att = 0, derive Rabi’s

formula for the spin-flip probability P__, , (t) = | (+](t)) |*:

w? . Qrt
P——)-‘r(t) = Qiéslnz <2R>
R

where O = \/ (w — wp)? + w? is the generalized Rabi frequency. State the resonance condi-

tion. [12
Points]
\ J
@ Solution to Problem 2 .
Part (a): Hamiltonian Matrix
Using Pauli matrices oy, 0y, 0z and frequencies wy = —yBy, w1 = —Bs:
A = h wo wi(coswt —isinwt)\ _ I [ wy  wie
~ 2 \wi(coswt + isinwt) —wp T2 \wiet —wy

Part (b): Rotating Frame Transformation
Let U(t) = ei@t=/2 = <elug/2 e_lgm). Substituting |¢(t)) = UT(t) |¢r(t)) into Schrodinger’s
equation:

inlyr) = (UAU® —ihUU") [$r) = Hee [9x)

Evaluating terms:

, 7 . h
UAMU" = 3 (ZO “’al) ) . —inuut = -
1 —Wo

Adding these together yields the time-independent effective Hamiltonian:
4 h (wy—w w
Hegt = 5 < 0 ' )

2 w1 —(wp — w)

Part (c): Rabi Oscillations & Resonance
The eigenvalues of Heg are Ay = £1Qg, with Qg = \/(wo — w)? + w?. Starting in state |(0)) =

()

_jwi i [ Qrt
ZQRsm( 5

Ot [ Wo—W iy ((Ort
cos( 5 )—l—z Ox s1n< 5

[r(t)) =
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The spin-flip transition probability is:

wz
P (t) = | (+]¥r(t)) ‘2 = (w — w032 _’_w% sin” <02Rt>

Resonance Condition: Complete transition (Pnax = 1) occurs when w = wy.

Problem 3: Delta-Function Perturbation in an Infinite Square Well

A particle of mass m moves in an unperturbed one-dimensional infinite square well potential:

0 0<x<
V(x) = { ret
oo otherwise

The unperturbed energy eigenstates and eigenvalues are given by:

2232

a 2ma? '

A delta-function perturbation is placed at the center of the well:
A a
s (-3)
ad (x— 3
where a > 0 represents the strength of the potential barrier.

(1)

(a) Calculate the first-order energy correction E,; ’ for all energy levels n = 1,2,3,.... [12 Points]
(b) Explain physically and mathematically why E,(ll) = 0 for all even values of n. [8 Points]
(c) Obtain the first-order correction to the ground state wave function tpgl) (x). Calculate the

explicit coefficient for the first non-vanishing term in the expansion series. [15 Points]

@ Solution to Problem 3

Part (a): First-Order Energy Shifts
In non-degenerate perturbation theory:

E = (oA o) = [ [0 @] 0 (x - 5) pV(x)dx = a

Evaluating the wave function at x = a/2:

@)

1) _2a 5, /nm 2 fornodd (n =1,3,5,...)

E,’ = —sin (—) a

a 2 0 forneven(n=24,6,...)

Part (b): Vanishing Shift for Even n

Even quantum numbers n correspond to wave functions with nodes at the well center (sin(nm/2) =
0). Since the particle density at x = a/2 is zero, the particle does not interact with the delta
perturbation, leaving its energy unchanged to first order.

Part (c): First-Order Wave Function Correction

Using first-order perturbation theory:

)|y, (0)
g ||}
9 (x) = )y i) E?J 0 >¢,S?><x>
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Matrix element: H/,; = 2 sin (“4%). For odd m = 3,5,7, ...:

222
(0) _ p(0) _ T 2
B =g = 2ma2(1_m )
For the dominant lowest correction term m = 3:
—2u/a maux

Cr = =
3 —472h% /ma?  2m2hH?

The corrected ground state wave function to leading non-trivial order is:

P1(x) =~ \/g [sin (%) + 27::21;2 sin <3Zx)]

1D Harmonic Oscillator Operators: Time-Independent Perturbation Theory:
o 30'1=1 H=ho (N+%) e EW <¢1<10> o ¢1<10>>

e dny=nln-1), atln)=vn+1|n+1) ) <¢£,§))H/1p,(10)> .
Spin-1/2 Pauli Matrices: * ¢7(1) = Lmzn EO_£© lp’(”)

s ox=(15), oy= (?Bi)/ == (%) Dirac Delta Property:

* [0y, 07] = 2iezpor, {03, 07} = 2041

* fub f(x)0(x — xo)dx = f(xo) for xg € (a,b)
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