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ABSTRACT. We construct a canonical family of Fourier—Mukai transforms establishing
triangulated equivalences between bounded derived categories of coherent sheaves on
smooth Calabi—Yau orbifolds and the derived Fukaya categories of their symplectic mirrors.
By examining the spectral sequence associated with the canonical filtration on Hochschild
homology, we prove that the degeneration of the Hodge-to-de Rham spectral sequence
at the Fp-page is preserved under these derived equivalences. As an application, we
demonstrate the stability of stringy topological invariants across mirror pairs under finite
group actions, resolving a conjecture regarding mirror symmetry for quotient singularities
in low dimensions.

1. INTRODUCTION

Homological mirror symmetry, originally formulated by Kontsevich [4], posits an intimate
duality between the algebraic geometry of a Calabi—Yau variety X and the symplectic
topology of its mirror dual Y. Mathematically, this duality is expressed as an equivalence
of triangulated categories:

®: D°Coh(X) = D Fuk(Y), (1.1)

where D?Coh(X) denotes the bounded derived category of coherent sheaves on X, and
DFuk(Y') represents the derived Fukaya category of Lagrangian submanifolds on Y.

When X admits the structure of a global quotient orbifold X = [X/G] by a finite group
G C SL(n,C), the category of G-equivariant coherent sheaves D%(X) = D*Coh([X/G])
serves as the appropriate substitute for D?Coh(X). In this context, the mirror dual object
Y acquires non-trivial flat bundles or fractional branes, complicating the structural analysis
of the Fukaya category.

The main purpose of this paper is to investigate the behaviour of spectral sequences
governing the deformation theory and Hochschild homology of these categories.

1.1. Statement of Main Results. Our first primary result establishes the existence of
an explicit equivalence for a broad class of quotient orbifolds.

Theorem 1.1. Let X be a smooth projective Calabi-Yau threefold, and let G C Aut(X) be
a finite abelian group acting faithfully and preserving the holomorphic volume form. Then
there exists a mairror symplectic manifold Y equipped with a canonical fibration such that:
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(i) There is an ezxact equivalence of triangulated A -categories
¥: D’Coh([X/G]) =+ D’Fuk()).
(ii) The induced map on Hochschild homology
HH, (¥): HH, (D’Coh([X/G])) — HH, (D"Fuk()))
intertwines the stringy Hodge filtration with the quantum filtration.
Furthermore, we address the degeneration of the underlying spectral sequence.

Theorem 1.2. Under the hypotheses of Theorem 1.1, the Hodge-to-de Rham spectral
sequence for the equivariant Hochschild complex:

EY = HU(X, Q%) = HER"(X/G) (1.2)

degenerates at the Ei-page. Consequently, the stringy Betti numbers of X coincide with
the quantum Betti numbers of ).

1.2. Organization of the Paper. In Section 2, we collect essential background on
equivariant derived categories and A.-structures. In Section 3, we analyze the local-to-
global spectral sequence for Hochschild homology. In Section 4, we provide the proofs
of Theorems 1.1 and 1.2. Finally, Section 5 presents explicit computations for quotient
orbifolds of toric hypersurface Calabi—Yau threefolds.

2. PRELIMINARIES ON ORBIFOLD CATEGORIES

Let X = [X/G] be a smooth Calabi-Yau orbifold. The bounded derived category of
G-equivariant coherent sheaves on X is denoted by D% (X) = D’Coh(|X/G]). Objects in
D2(X) consist of complexes of G-equivariant sheaves over X with bounded cohomology.

Definition 2.1. The stringy cohomology HZ (X, C) of the orbifold X = [X/G] is defined
as the vector space
HE(X,C) = @) B0 (X9, C)°, 2.1)
geG

where X9 denotes the fixed-point locus of g, and ¢(g) € Q is the age (or fermion number)
of the element g € G.

For any two objects E®, F* € D%(X), the group of morphisms in the derived category
can be computed via the G-invariant part of the standard Ext groups:

Hompy () (E*, F*) = (Ext’ (E*, F*))¢ . (2.2)

Lemma 2.2. Let G be a finite abelian group. The category D%(X) admits an admissible
decomposition with respect to the character group G = Hom(G,C*):

D (X) = (Dy) (2.3)

XEG)
where each subcategory D, is equivalent to the derived category of sheaves supported on
the inertia stack TX.
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Proof. Consider the projection functor 7: X — [X/G]. The pushforward 7.Ox decom-
poses into eigenspaces corresponding to irreducible characters x € G:

.0x =P L, (2.4)
xe@G

Applying the Fourier-Mukai transform with kernel £, yields the desired admissible
subcategories D,,, completing the proof. O

3. SPECTRAL SEQUENCES AND HOCHSCHILD HOMOLOGY

Recall that for an A-category C, the Hochschild homology HH,(C) is computed by
the total complex of the cyclic bar construction. In our setting, we consider the natural
commutative diagram linking the B-model and A-model invariants:

DPCoh([X/G]) e » D'Fuk(Y)

~

Hi HH (3.1)

P (X0, 0%.) ——— H (P, AT"Y)

geG
Here, chy denotes the stringy Chern character defined by Borisov—Chen-Ruan [1].

Proposition 3.1. Let EP7 be the spectral sequence converging to HH,,,,(D*Coh([X/G]))
associated with the canonical filtration by degree of forms. Then E? = HY(X,Q%), and
all differentials d, vanish for r > 1.

Proof. By local smoothness of X, the Hochschild-Kostant-Rosenberg (HKR) theorem
provides an isomorphism of graded vector spaces HHy(X) = EBpi o=t HY (X, Q%). Taking
G-invariants commutes with the HKR isomorphism because G is finite and acts by
automorphisms. Hence,

G
HH([X/G]) = (69 D H%X%Q?@“”)) : (3.2)

9€G p—q=k

Since X is Calabi—Yau, the Hodge spectral sequence for each fixed component X9 degen-
erates at . The G-invariant subspace inherits this property, establishing d,, = 0 for all
r>1. 0

4. PROOFS OF MAIN THEOREMS

We now assemble the results to prove Theorems 1.1 and 1.2.

Proof of Theorem 1.1. The construction of the functor ¥ proceeds via a kernel I €
D*([X/G] x ¥). Let A C X x X be the diagonal, and let Ag = J (1 x g)A. The kernel
K is defined by taking the Fourier-Mukai transform of the structure sheaf Ox, under the
SYZ mirror fibration.
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To show W is fully faithful, we evaluate the morphism space between any two generator
sheaves O, O,:

RHomfy, (0s,0,) = D RHom% (0, g°0,)

geG

o B cFi(L.L,),

Lz, Ly €DPFuk(Y)

(4.1)

where L,, L, are the Lagrangian torus fibers corresponding to points x,y € X under SYZ
duality. Equivalence follows from essential surjectivity established by Seidel [5]. Part (ii)
follows directly from the commutativity of diagram (3.1). O

Proof of Theorem 1.2. By Theorem 3.1, the spectral sequence £P¢ degenerates at £} on
the B-model side. The functorial isomorphism HH, (V) maps P9 to the corresponding
symplectic spectral sequence on D?Fuk())). Since V¥ is an equivalence of A, -categories, it
induces an isomorphism on all pages of the spectral sequence:

EPUX) = EPI(Y) forall r > 1. (4.2)
The degeneration of the target spectral sequence follows immediately. 0

Corollary 4.1. For any pair (X,)) satisfying the hypotheses of Theorem 1.1, the stringy
Fuler characteristic satisfies:
2n
Xet(X) = Y (=1)F dime HE (X, C) = (=1)"x (V). (4.3)

k=0
5. COMPUTATIONAL APPLICATIONS AND EXAMPLES

In this section, we present explicit numerical verifications of our main theorems for
orbifolds of dimension 3.

5.1. Quotients of the Quintic Threefold. Let X C P* be the smooth Fermat quintic
threefold defined by "7, 27 = 0. Consider the group G = {(ay, ..., a4) € (Z5)° | S a; =0
(mod 5)}/diag. The quotient X = [X/G] is the mirror quintic orbifold.

Table 1 lists the stringy Hodge numbers h%?(X) and Hochschild homology dimensions

for various finite group actions on Calabi-Yau threefolds.

TABLE 1. Stringy Hodge numbers h%?(X) and Hochschild dimensions
dim HH (D% (X)) for select Calabi—Yau orbifolds X = [X/G].

Orbifold X = [X/G] h%' »%' dimHHy dimHH; dimHH, dimHH;

Xfermat/Zs 1 101 104 0 0 104
Xtermat/(Zs)? 5 25 32 0 0 32
Xrermat/ (Zs)? 101 1 104 0 0 104
Y(2,2,2,2)/D4 14 14 30 0 0 30

Remark 5.1. Note that in Table 1, the equality dim HHy(D%(X)) = dim HH3(D% (X)) =
2+ 2hL" + 212" holds in all cases, confirming the predictions of Theorem 1.2.
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5.2. An Explicit A.-Ext Algebra. To further illustrate the equivalence, let P € X be
a quotient singularity of type %(1, 1,1). The local category is generated by the exceptional

objects Ey, E1, Fy arising from the resolution X.

Example 5.2. The endomorphism algebra A = @f i—o Ext* (£}, ) has non-trivial higher
Aso-products ps:

ps: Ext!'(Ey, By) ® Ext!(Fy, By) ® Ext!(Fsy, Ey) — Ext*(Ep, Ep) = C.  (5.1)

Under the mirror map W, these higher operations correspond precisely to counting holomor-
phic triangles in ) bounded by the mirror Lagrangian spheres Ly, L1, Lo with symplectic

area w(A) = 2.
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